Introduction
The problem of pairs of Hamiltonians quadratic in the momenta and commuting with respect to the standard Poisson bracket was considered in [1]- [4] . The large variety of models for integrable tops, such as the Schottky-Manakov top on so(4), the Clebsch top, and the Kovalevskaya gyrostat, that can be reduced to the problem of a pair of commuting Hamiltonians with the standard Poisson bracket mainly motivates us in this paper (see [3] and the references therein). Moreover, as shown in [3] , the problem of separating variables can be effectively solved in terms of the canonical Hamiltonian formalism, i.e., the solution of the Hamilton-Jacobi equation for the corresponding system can be found effectively. Our objective here is to extend the approach developed in [3] to the general case of pairs of commuting Hamiltonians with two degrees of freedom, including constructing the universal solution of the Hamilton-Jacobi equation.
In Sec. 2, we state necessary and sufficient conditions for the existence of the indicated pairs of Hamiltonians and briefly consider the properties of solutions of the Euler-Darboux equation appearing as one of the necessary conditions. In Sec. 3, we construct the universal solution of the Hamilton-Jacobi equation for the systems under consideration in terms of integrals over some (generally nonhyperelliptic) algebraic curve. In Sec. 4, we consider some classes of solutions of the Euler-Darboux equation that lead to constructing commuting pairs of Hamiltonians and hypothesize that each such pair belongs to one of these classes. We find the corresponding algebraic curves for the separating variables and show that in the case of models in classes 2 and 3, the algebraic curve is a branched nonhyperelliptic covering of an elliptic curve. As an example in the appendix, we apply the general approach developed here to the physically interesting case of the Steklov top.
Pairs of quadratic Hamiltonians
We consider a pair of Hamiltonians of the form that commute with respect to the standard Poisson bracket {p α , q β } = δ αβ . The coefficients in formulas (1) and (2) are (locally) analytic functions of the variables q 1 and q 2 . It follows from the condition {H, K} = 0 that the relations
hold for some functions S i and σ i . It is clear that in the nondegenerate case with σ 1 = 0 and σ 2 = 0, the functions σ 1 (q 1 ) and σ 2 (q 2 ) respectively reduce to q 1 and q 2 by a canonical transformation of the form
The following theorem is one of the results in [4]. (1) and (2) with σ 1 (q 1 ) = q 1 and σ 2 (q 1 ) = q 2 can be reduced by a canonical transformation
Theorem 1. Every pair of commuting Hamiltonians
to a pair of the form
where
for some functions Z(q 1 , q 2 ), S i (q i ), and f i (q i ).
The Poisson bracket {H, K} is zero if and only if
and
Remark 1. The function Z in (4) and (5) is defined up to a shift Z → Z + k 1 . The function f i in (5) is defined up to a shift f i (x) → f i (x) + k 2 x + k 3 , where the k i are arbitrary constants. This shift corresponds to the transformation H → H + k 2 , K → K + k 3 .
